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Abstract 

It is shown how dual space diagrammatic representation of momentum integrals corre- 
sponding to triangle ladder diagrams with an arbitrary number of rungs can be transformed 
to half-diamonds. In paper arXiv:0803.3420 [hep-th] the half-diamonds were related by 
conformal integral substitution to the diamonds which represent the dual space image of 
four-point ladder integrals in the four-dimensional momentum space. Acting in the way de- 
scribed in the present paper we do not need to use the known result for diamond (four-point) 
diagrams as an external input in deriving relations of arXiv:0803.3420 [hep-th], however, that 
result for the diamond diagram arises in the present proof as an intermediate consequence 
in a step-by-step diagrammatic transformation from the triangle ladder diagram to the half- 
diamond diagrams. 
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1 Introduction 



Triangle ladder diagrams were initially investigated in the momentum space in Refs.fl, 2, 3]. 
The result is UD functions. In the momentum space integration is done over internal momenta 
that run in loops of the graph. However, the same diagram can be considered in the position 
space with integrals taken over coordinates of internal vertices in the graphs [4, 5] . The results 
of the integrations in the position space and in the momentum space are related by Fourier 
transform. In Refs. [4, 5] the position space representation of the ladder diagrams has been 
investigated and it has been found that the result is the same UD functions. This means that 
the Fourier transform of the UD function are the same UD functions, and the correspondence is 
one-to-one, namely the UD function with number n transforms to the UD function with number 
n [4, 5]. These relations follow ST identity [6] - [11] which was studied for N = 4 super symmetric 
Yang-Mills theory in Refs. [12] - [21]. 

In deriving relations of Ref.[5] the dual graphical representation of the four-point ladder 
diagram in the form of "diamond" found in Ref.[22, 23] has significantly been used as an external 
input in order to relate half-diamonds to the UD functions & n \x, y). In this letter we show how 
to perform analysis of Ref.[5] starting with the three-point ladder diagrams and transforming 
them via dual space images to the half-diamonds. Passing several steps in the transformation 
procedure from the ladder diagrams to the half-diamond diagrams, we obtain the diamond 
diagrams at an intermediate step. However, we do not use the known result of Refs. [22, 23] for 
the diamond diagram. In contrary, that result is reproduced via dual space image of the triangle 
ladder diagram in the momentum representation. 

The paper is organized as follows. In Section 2 the iterative definition of UD functions is 
recalled. In Section 3 dual space is reviewed and dual space representation of momentum triangle 
ladder diagrams is considered as a particular example. In Section 4 conformal substitution is 
analysed for the most simple example. In Section 5 the conformal substitution in the ladder 
integrals is applied to an arbitrary number of rungs. In Conclusion we write the formula for the 
Fourier transform of UD functions that follows the equations derived in Ref. [5] and discuss its 
particular features. 

2 Definition of UD functions 

In Refs. [2, 3] the definition of the UD functions has been done in the momentum space. For 
example, the result for the three-rung diagram presented in Fig.(l) is a function C^{p\ , P21P3) °f 
three independent Lorentz-invariant variables p\ , p\^p% constructed from the external momenta 
of the diagram which satisfy the conservation law p\ +P2 +P3 = 0. A useful parametrization for 
them is 

Pi = Q3 ~ <?2, 

P2 = qi~ <73, 

P3 = q2~qi- (1) 
Three four-dimensional vectors q±, q2, c/3 are independent [1, 2, 3]. 
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Figure 1: Momenta in three-rung diagram 



A ladder diagram with an arbitrary number of rungs is represented in Fig. (2), and the result 
for n rung diagram C^{jp\ ,p^,p\) is expressed in terms of UD function with number n. All the 

functions <!> < - n - ) I ^| J were calculated in Refs. [1, 2, 3] explicitly. 

\P3 Pz) 

The iterative definition can be seen in Fig. (2) and is given by the equation 



C^(pIpIpI) = I d 4 r n 
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Figure 2: Momenta distribution in n rung diagram 



3 Dual representation of the momentum integrals 

In Introduction the relation between the position space representation (p.s.r.) of some diagram 
and its momentum space representation (m.s.r.) is explained. In addition to these representa- 
tions a dual space representation (d.s.r.) [24, 22, 23] exists. The dual space is not a physical 
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space. However, it is useful mathematical construction that in case of ladder diagrams helps to 
find the relation between results of calculation in the p.s.r. and in the m.s.r. for the same ladder 
graph. 
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Figure 3: The d.s.r. of the momentum space integral of the l.h.s. is on the r.h.s. of this picture 

In the d.s.r. of the integrals in the momentum space momenta that run in loops of any 
Feynman diagram are treated as coordinates of internal vertices of a dual diagram in an auxiliary 
"position" space. The line that connects two vertices reproduces a propagator in the integrand 
of the momentum space integral. In the massless case the line which connects any two such 
vertices represents the inverse square of the interval between these two vertices. This precisely 
reproduces the massless propagators in the momentum space integrand (2). For example, the 
dual representation of the momentum integral for the three-rung ladder diagram of Fig.(l) is 
depicted in Fig. (3). Graphically, the dual space diagram is another schematic representation of 
the same momentum integral. 




Figure 4: Shift of variables of integration 



After re-parametrization according to Eqs.(l) we make a shift of the integration variables 
r i> r 2 ; r 3 of the l.h.s. of Fig. (3) by the external value q^. As the result of this shift we obtain the 
r.h.s. of Fig. (4). The new variables of integrations (after the shift) r'^r^rg are related to the 
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initial variables as r\ = r[ — q^, r 2 = r' 2 — qz, and = r' 3 — q^. The l.h.s. of Fig. (4) and the r.h.s. 
of Fig. (4) are equal, and they are equal to the l.h.s. of Fig. (5) in which N = 1,2,3 stands for 
Qn = Qi,Q2,Q3- In this notation and in according to the definition of three-rung UD function of 
Fig.(l) the result for the diagram of Fig. (5) should be written as 

J_ $ (3) (H M.) 
[12]3 v [12]'[12]y- 

In this paper concise notation [Nq] = (rjv — q) 2 of Ref.[16] for squares of intervals between two 
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Figure 5: Dual representation of three-rung diagram of Fig.(l) 

points of four-dimensional space is used. 

However, the diagram of Fig. (5) in the dual space can be viewed as a diagram in the position 
space generated for another field theory. The letters c/i,<?2><73 corresponding to the external 
points of the d.s.r. can be replaced with the letters x±, x 2 , £3 corresponding to any three distinct 
points in the position space. The important feature of the construction is that in four space-time 
dimensions the propagator of scalar massless field between two points in the position space is 
square of the inverse interval between these two points. This happens in four dimensions only 
[25, 26]. This correspondence allows the interpretation the dual space diagram as a position 
space diagram with massless scalar propagators. The concise notation of Ref.[16] for the space- 
time intervals is used in the rest of the paper, namely [Nx] = (xn — x) 2 and [12] = (x± — X2) 2 , 
that is, N = 1, 2, 3 stands for xn = xi,X2,x%. 

4 Conformal substitution 

Now we look at the diagram of the l.h.s. of Fig. (5) as at a diagram in the position space. Our 
purpose is to transform this diagram to the half-diamond form of Ref.[4, 5]. An important tool 
to reach this purpose is a conformal substitution in the integrands. To demonstrate how to 
use it, we can consider the simplest example of the first UD function depicted in Fig. (6). This 
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Figure 6: First UD function in the position space 

picture corresponds to the integral definition of the first UD function 1 of Ref . [2] , 

1 



.7(1,1,1) = J 
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(fx 



(X — X\) 2 {x — X2) 2 {x — Xs) 2 



[lx][2x][3x] [12] V[12]'[12]/ [31] V [31] ' [31] 7 ' 
The conformal substitution for each vector of the integrand (including the external vectors) is 



x 



x' 



x 



XI, 



X' 
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[xl] 



[*'!'] 
[x'][V] 



[x] = x 2 , [1] = x\ 



(3) 
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Figure 7: New leg to fourth point appears due to Jacobian of conformal substitution in the internal vertex 
Making the conformal transformation on the l.h.s. and on the r.h.s. of equation in Fig. (6), 
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[lx][2x][3x] [12] v[12]'[12] 



we have 



L J 1 1 1 1 J [Vx>\ [2>x'\ [3V] [x'Y [V2'\ \ [V2'] [3'] ' [V2'\ [3'] J ' { ' 



1 Ow definition for UD functions is = (.n 2 ) L ®oid> where is <£> (i) of this paper, and $^j' d is the 

original UD function $ (L) of Refs. [2, 3]. 
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and after shifting the variables 




Xi = X 1 - X 4 , X 2 = X 2 — X4 , X 3 = X 3 — X4 , 



Eq.(4) takes the form 




[l"x") [2"x"\ [3"x"] [A"x"\ [1"2"] [3"4"] 



1 1 



(1) / [2"3"][l"4"] [3T|V] 
V[l"2"][3"4"]' [1"2"][3"4"] 



(5) 



Omitting double prime symbols we can depict Eq.(5) in Fig. (7). 

The creation of a new fourth factor in the denominator of integral with help of Jacobian of 
the conformal substitution is in some sense an opposite trick to the uniqueness method of Refs. 
[27, 28, 25, 26]. The uniqueness method is based on elimination of one of the three factors in 
the denominator of the unique integral due to the Jacobian of the conformal substitution. That 
trick of elimination should be done in the Euclidean space in order to avoid possible difficulties 
with the imaginary part of the causal massless propagators. The Euclidean space metrics can 
be obtained by Wick rotation [2] from Minkowski metrics. After the integration according to 
the uniqueness method the Wick rotation can be done back in order to recover the signature of 
the Minkowski metrics. This means that a small imaginary part should be added to the square 
of spacetime distances in the denominator. 

The same philosophy can be applied to the constructions done in the present paper. All the 
formulas and figures should be understood in the Euclidean space. All the transformations with 
creating and eliminating of a new propagator are done in the Euclidean space in analogy with 
the uniqueness method. The Minkowski metrics signature can be recovered with help of the 
Wick rotation in each of the integrations in the internal vertices of graph. A small imaginary 
part should be added to the square of spacetime distances which are parts of the arguments of 
the UD functions (the arguments are fractions of the spacetime distances) in the formulas of the 
present paper on the r.h.s. of the Figures. 

For example, Fig. (6) and Fig. (7) are related in the Euclidean space before the Wick rotation 
due to the conformal substitution. After the Wick rotation a small imaginary parts appear 
in the propagators on the l.h.s. and in the numerators and denominators of the fractions of 
spacetime distances on the r.h.s. in the arguments of the UD functions. Both sides of Fig. (7) 
can be represented as a sum of real and imaginary parts. This imaginary part on the r.h.s. of 
Fig. (7) has been evaluated in Ref.[29] via Merlin-Barnes transformation. 



Figure 8: New leg in three-point function due to Jacobian of conformal substitution in the internal vertices 
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Figure 9: Result of the conformal substitution in the position space 
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Figure 10: Shift of variables by making use of translation invariance 

5 Conformal substitution for an arbitrary number n 

As an example, we consider transformation of the diagram depicted in Fig. (5) with three points 
of integration. We generalize the trick of Eq.(4) and Eq.(5) and obtain the formula of Fig. (8). 
After making simple algebra and removing the prime symbols the formula of Fig. (8) transforms 
to formula of Fig. (9). 

In order to obtain Fig. (10) we make another substitution (shift of integration variables) 



Xl 



xi" - x 4 ", 



x 2 = x 2 



X4 



%3 = 



= Vi 
li 

X3 



- X4 
II 



in which yi (or y/') are variables of integration in the internal vertices of Fig. (9) (or Fig. (10)), 
i = 1,2,3. Removing the prime symbols and putting x\ = (as a particular case for which 
equation of Fig. (10) is valid), we obtain Fig.(ll). By making conformal substitution, we remove 
point "0" and propagators connecting it to other internal vertices due to Jacobians of the 
conformal substitutions in each internal vertex of integration of Fig. (11). This results in Fig. (12). 
Removing the prime symbols and replacing X4 with x\ we obtain Fig. (13) from Fig. (12). The 
same steps from Fig. (8) to Fig. (13) can be reproduced for an arbitrary number n of points 
corresponding to internal vertices of integration in the line connecting points x\ and X3 (n loops 
in momentum space), and we obtain as a conclusion the relation depicted in Fig. (14). 

The diamond diagram appears at intermediate steps from Fig. (8) till Fig. (11) from the 
dual image of three-point diagram in the m.s.r. However, we did not use the result of Refs. 
[2, 3, 23, 22] for the diamond diagram. In Fig. (9) the result for diamond diagram is obtained as 
a consequence of the change of variables in the arguments of UD function which is done together 
with the integral substitution on the l.h.s. of Fig. (8). 
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Figure 11: Particular case of Fig.(lO) 
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Figure 12: Removing point "0" due to Jacobian of conformal substitution in the internal vertices 

6 Conclusion 

Equation in Fig. (14) combined with iterative definition (2) of the UD function produces relations 
between the triangle ladder diagrams and the UD functions which were found in Ref.[5]. As 
it was shown, the result T n ([12], [23], [31]) for n-rungs triangle ladder diagram in the position 
space satisfies the equations 




f-47T 2 ) n ~ 1 / i i \ 



(df 2) ) ~ T„([12],[23],[31]) 



[31] 



/[12] [23] 
U31]'[31];' 



(df 2) ) n r n+ i([12],[23],[31]) = 



(6) 



[31] V[31]'[31]y 

These relations show that the Fourier transform of UD function with number n is the same UD 
function with number n, 

(w Pi) = Wf I d%d%d% a(pi + n + P3 > x 



«2 J2 



_J_$W ( ?! El 

(vl? 



2 ' 2 

P2 Pi. 



The explicit form of the function is given in Refs.fl, 2, 3], 



2n 



1 ,V) n\\f^ n (j-n)\(2n-j)\ 



1 



Li i (-— ) - Li j(-py) 



(7) 



(8) 



in which 



1 — x — y + A 



A = ^/(l - x - y) 2 - 4xy. 
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Figure 13: This picture is Fig. (12) with redefined variables 
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Figure 14: The result for Fig. (13) generalized for arbitrary number of internal vertices 

Looking at this explicit form of the UD functions (x, y) it is difficult to imagine that they 
do not change their form under the Fourier transformation. However, the relations (6) were 
derived in Ref. [5] in diagrammatic way without any use of the explicit expression in terms of 
polylogarithms (8). To our knowledge, this is the unique example of the non-trivial functions 
(actually infinite set of functions) possessing such a property. 

Nevertheless, Eq. (6) was an occasional finding of a family of functions with such a property 
of invariance with respect to Fourier transform. Other examples can be constructed manually. 
Indeed, Eqs. (7) can be cross-checked via MB transformation [19]. In the demonstration of 
Ref. [19] the explicit Mellin-Barnes image of the UD functions does not play any role and in 
principle can be replaced with any function of two complex variables with sufficiently good 
behaviour at complex infinity, which possesses nontrivial set of left and right residues. For 
example, Eq.(7) can be proved via MB transformation for the first UD function <&(^ (x, y) which 
does not appear in the chain of Ref. [5]. That chain of transformation starts with the second 
UD function (x,y) ■ Another example would be a combination of Appell's hypergeometric 
functions of Ref.[l] which corresponds to a three-point integral of three scalar propagators with 
arbitrary powers in denominator. 
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